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The first ergodic theorems for nonlinear nonexpansive mappings and
sernigroups in Hilbert space were established by Baillon [1,2,3] and by
Baillon and Brezis [4]. Brezis and Browder [6] have recently replaced the
Cesaro method in the discrete case by more general summability methods. A
similar extension in the continuous case has been obtained in [10]. The
purpose of this note is to show how Lorentz's concept of almost conver­
gence [9] can be used to improve these results and to simplify their proofs.

Following Lorentz, we say that a regular matrix {an,lJ is strongly regular
if limn~ro L;~o Ian,k+l - an,k I = 0, and that a bounded sequence {xn} in a
Banach space E is almost (strongly) convergent to Z E E if the strong limn_ro
(L:~l xk+i)/n = z uniformly in k. We say that {xn} is almost weakly con­
vergent to z if {(xn , y)} is almost convergent to (z, y) for all y E E*.

THEOREM 1. Let H be a real Hilbert space, C a closed convex subset of H,
T : C --+ C a nonexpansive mapping with a fixed point, and x E C. Let {an,k} be
strongly regular and Yn = L~~o an.kTkx.

(a) {Yn} converges weakly to z, a fixed point of T that is the asymptotic
center [8] of{Tnx}.

(b) If, in addition, limn~ro (Tnx , yn+iX ) exists uniformly in i ;? °(for
example if T is odd), then {Yn} converges strongly.

Proof We slightly modify Baillon's proofs of the Cesaro method results
as simplified by Brezis. For any sequence {xn} denote CL:::o1

xk+i)/n by Sixk).
Let F be the fixed point set of T and P : C --+ F the nearest point projection.
Denote Tnx by X n , and let {k(n)} be an arbitrary sequence of natural numbers
andfany point in F. We note that {xn} is bounded, {Pxn} converges strongly
to z, and
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for some constant M. We also have

Therefore if {Sn(Xk(n»)} converges weakly to q, then on the one hand (z - q,
f - z) ?: °for Jail f~ F and consequently Pq = z, and on the other hand
q E F. In other words, Sn(Xk(n») converges weakly to z and {xn} is almost
weakly convergent to z. An appeal to the sufficiency part of [9, Theorem 7]
completes the proof of (a). In order to prove (b), we denote Iimn~aJ (xn ,

Xn+i) by gi and recall that Sn(go) ->- i Z 1
2• Since

. Sn(xk (n»)1 2 (2/n 2) I (Xk(n)+p, Xk(n) q)
O::;;;p<Q<n-l

(2/n 2
) I (gq-p + E p )

O<v:(q<;n-l

with ElJ ---+ 0, lim SUPn~aJ I Sn(.:X:k(n»)i ~ i z i , and Sn(Xk(n») ---+ z. Thus {xn} is
almost convergent to z. The proof is now finished by extending [9, Theorem 7]
to Banach spaces.

This theorem improves upon the results of [6]. In particular, (as has also
been shown by Bruck [7] who used a different argument), [6, Theorem 2]
remains true even if {an, Ie} is not assumed to be "proper." Strong convergence
also occurs when T is compact (or more generally, condensing). It is
not known if Theorem 1 is valid outside Hilbert space (even if one considers
only the Cesaro method). See [5] for a different extension of [I] to lp, I <
p < 00.

For each positive s let K(s, t): [0, (0) ---+ (- 00, (0) be of bounded variation
in [0, (0), and denote its total variation by V(s). We say that the kernel K is
strongly regular if S; I K(s, t)1 dt is bounded in s, lims~aJ S; K(s, t) dt = 1,
lims~aJ S~ K(s, t) dt = °for all finite T, and lims~aJ V(s) = 0. The following
result extends [2, Theorem 1] and [10, Theorem 2.4].

THEOREM 2. Let H be a real Hilbert space, C a closed convex subset of H,
S : [0, (0) X C ---+ C a nonexpansive semigroup with a fixed point, and x E C.
Let K be strongly regular and

R(s, x) = r K(s, t) S(t, x) dt.
o

(a) R(s, x) converges weakly to a fixed point of S that is the asymptotic
center ofS(t, x).

(b) If, in addition, limt~aJ (S(t, x), S(t + r, x)) exists uniformly in r ?: 0
(for example ifS is odd), then R(s, x) converges strongly.
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Proof We use the proof of [10, Theorem 2.4]. Let Sn -+ 00, h > 0, and
an.k = J~~+l)h K(sn , t) dt. Since {an.k} is strongly regular, we can apply
Theorem 1 to S(h, .): C -+ C and obtain the existence of a limit q(h). {q(h):
h > O} is Cauchy and converges strongly to q. It follows that if (a) ((b)) holds,
then the weak (strong) limn~oo R(sn , x) = q. Hence the result.

Remark. For linear T and S, the Yosida mean ergodic theorem yields
strong convergence of {Yn} and R(s, x) in any reflexive Banach space.

Note added in prool Refinements of recent ideas of 1.-8. Baillon ("Comportement
asymptotique des iteres de contractions non lineaires dans les espaces Ln," C.R. Acad.
Sci. Paris 286 (1978), 157-159) lead to the following partial extensions of Theorems I and
2 to Banach spaces (see R. E. Bruck, "A simple proof of the mean ergodic theorem for
nonlinear contractions in Banach spaces," to appear, and my paper entitled "Weak con­
vergence theorems for nonexpansive mappings in Banach spaces," J. Math. Anal. Appl.,
to appear):

THEOREM 3. Let C be a closed convex subset of a uniformly convex Banach space
with a Frechet differentiable norm, T: C -~ C a nonexpansive mapping with a fixed
point, and x E C. If the matrix {an.,,: is strongly regular and y" 0= 1:,:0 an . k T' x, then
{yo} converges weakly to a fixed point of T.

THEOREM 4. Let C be a closed convex subset of a uniformly convex Banach space
with a Frechet differentiable norm, S: [0, w) xC ---+ C a nonexpansive semigroup with a
fixed point, and x E C. If the kernel K is strongly regular and R(s, x) = f: K(s, t) S(t, x) dt,
then R(s, x) converges weakly to a fixed point of S.

It follows that {T"x} (S(t, x) converges weakly to a fixed point of T(S) if and only if the
weak limn "" (Tnx - P"IX) = 0 (the weak Iim,~", (S(t + h, x) - Set, x)) = 0 for all
h> 0).

It remains an open problem whether in the setting of Theorems 3 and 4 strong convergence
occurs for odd T and S. It is known, however that if the Banach space is uniformly convex,
C ~ - C, and T(S) is odd, then {T"x}(S(t, x» converges strongly to a fixed point of T(S)
if and only if the strong limn,,,,(T"x- T"" x) = 0 (the strong Iim'_'l'S(t + h, x) ­

S(t, x)) =·0 for all h ';.·0). See Theorems 1.1 and 4.1 in 1.-8. Baillon, R. E. Bruck and
S. Reich, "On the asymptotic behavior of nonexpansive mappings and semigroups in
Banach spaces," Houston J. Math. 4 (1978), 1-9.
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